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Abstract—k-clustering typically struggles with the detection
of irregular-distributed clusters due to the natural bias, while
density clustering usually cannot well-adapt to different datasets
and clustering tasks as it is not an oriented optimization process.
This paper, therefore, proposes to perform density clustering
in dynamically learned subspaces. To exploit the irregular-
distributed clusters obtained by density clustering for the sub-
space determination, we design a new strategy to appropriately
evaluate the importance of attributes. It turns out that the
proposed Weighted Density-based Subspace Clustering (WDSC)
algorithm inherits the unbiased merits of density clustering, and
also upgrades the unlearning density clustering to be learnable
under the subspace learning paradigm of k-clustering. A compre-
hensive evaluation including significance tests, ablation studies,
qualitative comparisons, etc., shows the superiority of WDSC.

Index Terms—Subspace clustering, density-based clustering,
attributes weighting, unsupervised learning

I. INTRODUCTION

Cluster analysis is essential for uncovering hidden pat-
terns and is widely applied to pattern recognition, streaming
data analysis, multi-view clustering, and so on [1]–[4]. k-
clustering and density-based clustering are two representative
types of partitional clustering adopting very different partition
strategies and generating clusters with divergent distributions.
However, they both rely on the prior knowledge of the
dataset [5]. That is, k-clustering requires the proper number k
of spherical-shaped clusters as input, while density clustering
prefers banded clusters. Nevertheless, exact prior knowledge
is usually unavailable for real datasets with various types of
cluster distributions, which makes the selection of the proper
type of clustering method a non-trivial task [6]–[8].

More specifically, k-clustering divides the dataset into k dis-
joint clusters according to the similarity between data objects
and cluster descriptors, e.g., centers, modes, prototypes, etc.
Typical algorithms include k-means [9] and its variants [10]–
[12]. The recent advanced k-clustering that consider subspace
cluster effect [13], [14], streaming data [15]–[18], unknown
k [19]–[22], mixed-attributes [23]–[26], etc. can also be found
in the literature. From the perspective of cluster distribution
detection, k-clustering generally works well in exploring con-
vex and spherical clusters formed by gathering samples with
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Fig. 1: Comparison of different types of clustering.

cluster centers. However, such bias restricts k-clustering from
being competent in forming irregular-shaped clusters.

By contrast, density clustering tends to define densely
connected distribution areas as clusters, avoiding introducing
an obvious cluster shape bias. DBSCAN [27], a represen-
tative algorithm, does not require k to be given and can
effectively handle noisy data but is computationally expensive
in high dimensions. Its improved version named BLOCK-
DBSCAN [28] introduces an approximation mechanism of
the density measurement to reduce computational complexity.
Unlike DBSCAN, DPC [29] is another classical type of density
clustering that focuses on determining the cluster centers by
density peaks. Based on DPC, SNNDPC [30] further enhances
local density estimation and better identifies complex clus-
tering structures using shared nearest neighbors. Meanwhile,
DenMune [31] enhances clustering quality by automatically
detecting and excluding noisy points. Nevertheless, they all
share a common limitation of treating attributes equally [32].
Moreover, they do not involve a learning process to fit certain
clustering objectives, which limits their adaptability [33].

As shown in Fig. 1.(a), partition clustering struggles with
non-spherical or distribution-connected clusters. Although
density clustering relieves bias toward specific cluster shapes
as seen in Fig. 1.(b), it involves laborious computation and
tends to explore clusters with uniform density levels. There-
fore, an ideal clustering algorithm should be able to accommo-
date non-spherical clusters and flexibly adapt to complex clus-
ter distributions with various densities. To achieve such flexible
cluster distribution exploration, subspace clustering that finely
explores clusters in corresponding subspaces formed by the
weighted attributes [34] is an ideal solution. However, most
subspace clustering algorithms are built upon the k-clusteringIC
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paradigm, and thus the irregular-shaped clusters obtained by
density clustering are unsuitable for evaluating the importance
of attributes in forming subspaces.

This paper, therefore, proposes the Weighted Density-based
Subspace Clustering (WDSC) algorithm to perform density
clustering in dynamically learned subspaces. As shown in
Fig. 1.(c), WDSC can more flexibly explore arbitrary-shaped
clusters in different density levels in the subspaces. More
specifically, we introduce an innovative spherical re-clustering
mechanism to re-partition each cluster formed by the density
clustering into compact spherical-shaped clusters preferred by
the k-clustering for more accurate attribute weight evalua-
tion. An iterative optimization strategy is also designed to
allow automatic updates of attribute weights based on the
current clusters during learning. Experimental results show
that WDSC significantly outperforms the advanced partition,
density, and subspace clustering methods in terms of clustering
accuracy. The main contributions of this paper are three-fold:

• To achieve unbiased and adaptive clustering, we propose
a subspace clustering paradigm that integrates density
and k-clustering merits, which pioneers subspace density
cluster learning and serves as a general framework for
enhancing the existing density-based clustering methods.

• Aiming at the issue of evaluating attribute importance
according to the formed irregular clusters by density clus-
tering, we develop a re-clustering method to subdivide the
density clusters for more appropriate weight evaluation,
thereby appropriately determining the subspace.

• The proposed method inherits the unbiasedness of density
clustering and applies to a wide range of cluster distri-
bution types. The adaptability of the clustering process
to the task at hand is also further enhanced by the
iterative optimization of the subspace selection. As a
result, WDSC demonstrates higher stability and accuracy
than state-of-the-art clustering methods.

II. PROPOSED METHOD

In this section, we introduce Weighted Density-based Sub-
space Clustering (WDSC), which integrates attribute weight
learning into density clustering to optimize the clustering
process within a dynamically learned subspace. This section
comprises three parts: 1) How to perform density clustering
with a given subspace; 2) How the attribute weights for form-
ing subspace are determined through spherical reclustering;
and 3) How to perform iterative optimization to learn the data
objects partition and subspaces simultaneously.

A. Subspace Density Clustering

Assuming a given weight vector w = [w1, w2, . . . , wm] cor-
responding to m attributes of a dataset X = {x1,x2, . . . ,xn}
containing n objects, this subsection discusses how to per-
form density clustering based on fixed w. Each object xi

is represented as a vector xi = [xi1, xi2, . . . , xim] in an m-
dimensional attribute space. For the i-th object, its K-nearest
neighbors are denoted as NK(xi). Note that we use K to
indicate the number of neighbors and k for the number of

clusters. The Shared Nearest Neighbors (SNN ) [30] of two
objects are the common objects in their neighbor sets:

SNN(xi,xj) = NK(xi) ∩NK(xj). (1)

To reflect the varying importance of attributes, we intro-
duce the weighted distance to allow greater contribution of
significant attributes:

Dij =

√√√√ m∑
l=1

wl · (xil − xjl)2, (2)

where wl represents the weight of the l-th attribute, xil and xjl

are the values of xi and xj on the l-th attribute, respectively.
Based on SNN and Dij , the weighted SNN similarity
S(xi,xj) of two objects can be calculated as:

S(xi,xj) =


|SNN (xi,xj)|2∑
p

(
Dip +Djp

) , if SNN (xi,xj) ̸= ∅

0, otherwise,
(3)

where p ∈ SNN (xi,xj). This measures the connection
strength between two objects by taking both neighborhood
overlaps and attribute importance into account.

The weighted local density Pi of xi is defined as the sum of
S(xi,xj) between xi and its k-most similar neighbors Nk(xi)
calculated by S(xi,xj):

Pi =
∑

xj∈Nk(xi)

S(xi,xj). (4)

Here, the k-most similar neighbors Nk(xi) of xi are the k
points with the highest similarity values to xi, where the
similarity is measured by according to Eq. (3).

Since Pi is incapable of reflecting the local isolation of xi

compared to the other high-density objects, we further define
the weighted distance Λi from object xi to its nearest larger
density object xj to distinguish objects that can be adopted as
prominent cluster centers:

Λi = min
xj :Pj>Pi

Dij ·

 ∑
p∈NK(xi)

Dip +
∑

q∈NK(xj)

Djq

 .

(5)
Among all xj that satisfy Pj > Pi, the one with the smallest
value calculated by Eq. (5) determines the value of Λi . To
identify cluster centers, we define the overall decision value
Γi for xi by comprehensively considering Pi and Λi as:

Γi = Pi × Λi . (6)

Intuitively, an object with a larger Γ value is more likely to
be a prominent cluster center as it has a higher local density
and is relatively far away from the other high-density samples
(i.e., the other cluster center candidates). After determining k
cluster centers according to Γ , the weighted similarity defined
by Eq. (3) is utilized to compute the object-cluster similarities
to assign each sample to its most similar cluster center [30].
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Fig. 2: Intracluster spherical re-partition.

B. Weights Updating Based on Cluster Re-partitioning

The previous section discussed how to perform density
clustering with the given weight vector w. This section will
discuss how to compute w during the clustering process.

Suppose the dataset has been partitioned into k density
clusters with irregular shapes as described by Section II-A.
If we directly use these clusters to evaluate the importance
of attributes according to the cluster compactness reflected
by the intra-cluster dissimilarity using Euclidean distance,
unsatisfactory results will occur. For instance, a prominent
ring-like or line-like cluster may still result in a very high intra-
cluster distance. On the other hand, if we use the similarity
defined by Eq. (3), the distribution direction of non-spherical
clusters will over-dominate the attribute importance, which
makes the attribute weighting meaningless to clustering.

Accordingly, as shown in Fig. 2, we first re-partition an
obtained cluster Cr into kr sub-clusters {Cr1, Cr2, . . . , Crkr}
using k-medoids [35], where kr is the number of clusters at
the time when the Silhouette Coefficient (SC) [36] is closest
to its maximum (i.e., 1) determined after multiple partition
attempts. Then we use sub-clusters and their corresponding
medoids {c1, c2, . . . , ckr} to compute the weights of all the
m attributes denoted as a vector wr = [wr1, wr2, . . . , wrm].
To compute the weight value (e.g., wrl), we first compute the
within-cluster variance vrl of the l-th attribute by:

vrl =

kr∑
b=1

∑
xb∈Crb

(xbl − cbl)
2, (7)

where xbl and cbl are the values of xb and cb on the l-th
attribute, respectively. Then the weight wrl of the l-th attribute
reflected by cluster Cr is computed by normalizing the within-
cluster variance across all attributes. Since the importance is
inversely related to the variance, wrl can be quantified as:

wrl =
( m∑
t=1

(
vrl
vrt

) 1
β−1)−1

. (8)

Here, the hyper-parameter β controls the sensitivity of the
weighting mechanism to attribute variance [34].

To mitigate interference from noise or outlier clusters,
global attributes-weight vector w is obtained by weighting
each wr according to the size of each cluster |Cr| by:

w =
1∑k

i=1 |Cr|

k∑
r=1

(
|Cr| ·wr

)
. (9)

Algorithm 1 WDSC: Weighted Density-based Subspace Clustering

Input: Dataset X , initial w, hyperparameter σ.
Output: Clustering results C = {C1, C2, . . . , Ck}.

1: repeat
2: Calculate S, P , Λ and Γ according to Eqs. (3)-(6);
3: Select k cluster centers according to Γ ;
4: Partition X into k clusters, obtain C = {C1, C2, . . . , Ck};
5: Partition each Cr into kr clusters where r = {1, 2, ..., k};
6: Compute attribute weights wrs by Eqs. (7) and (8);
7: Update w by combining wrs according to Eq. (9);
8: Update cluster assignments using the new weight vector w;
9: Evaluate clustering quality by SC;

10: Calculate acceptance probability based on T by Eq. 10;
11: Update T according to the number of iterations by T = 1/g;
12: until T falls below threshold σ for five consecutive iterations.

TABLE I: Statistics of the UCI (left part) and synthetic (right
part) datasets. n, m, and k denote the number of samples,
dimensions, and ground-truth clusters, respectively.

ID Datasets <n,m, k> ID Datasets <n,m, k>
1 Sonar <208, 60, 2> 7 Pathbased <300, 2, 3>
2 Wine <178, 13, 3> 8 Aggregation <788, 2, 7>
3 Iris <150, 4, 3> 9 Jain <373, 2, 2>
4 Heart <303, 13, 2> 10 Spiral <312, 2, 3>
5 Pima <768, 8, 2> 11 Moon <210, 2, 2>
6 Leaf <340, 15, 30> 12 CMC <1002, 2, 3>

So far, we have obtained the overall attribute weights w that
facilitate subspace for the following density clustering.

C. Learning Algorithm

To enhance both accuracy and robustness, we adopt an
iterative updating strategy inspired by simulated annealing to
search for more appropriate C and w. At each iteration g, the
algorithm generates a new clustering solution and evaluates its
quality using SC metric with a higher value indicating better
cluster quality. If the new score exceeds the current best, the
algorithm accepts and updates the best solution. Otherwise,
acceptance occurs obey probability AP , which is defined as:

AP = exp
( |SCnew − SCold|

T

)
, (10)

where T is a parameter that decreases over iterations (i.e.,
T = 1/g). Early in the process, the learning algorithm
enables the occasional acceptance of suboptimal solutions
to avoid premature convergence to local optima. As g in-
creases, T decreases, making the algorithm more likely to
reject inferior solutions, and ultimately leading to a stable
and effective clustering configuration. The process terminates
automatically when T falls below a predefined threshold σ for
five consecutive iterations, ensuring timely convergence and
reducing the risk of overfitting. The overall learning algorithm
is summarized as the Algorithm 1.

III. EXPERIMENTS

Seven counterparts: including two classical (i.e., W-
KMeans (WKM) [34] and DBSCAN [27]), two representative
density-based (i.e., SNNDPC [30] and DenMune [31]), and
three SOTA (i.e., DPC-CE [37], VDPC [38] and ICKDP [39])
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TABLE II: Clustering performance in terms of AC (left) and the results of ablation study (right). The best performance on
each dataset is marked in boldface. The average ranking of each method on all the datasets is reported in the last row.

Data Comparative results Ablation study
W-KM DBSCAN SNNDPC DenMune DPC-CE VDPC ICKDP WDSC Baseline WDC WDSC

Pathbased 0.6133 0.6500 0.9767 0.9533 0.7333 1.0000 0.7017 0.9900 0.9767 0.9867 0.9900
Aggregation 0.6320 0.8198 0.9848 0.9924 0.9987 1.0000 0.9987 0.9962 0.9848 0.9962 0.9962
Jain 0.8820 0.5389 0.8606 1.0000 1.0000 1.0000 0.9196 1.0000 0.8606 0.8901 1.0000
Spiral 0.3462 0.6250 1.0000 0.7580 1.0000 1.0000 0.4359 1.0000 1.0000 1.0000 1.0000
Moon 0.9524 0.0762 1.0000 1.0000 0.6905 0.8095 0.8000 1.0000 1.0000 1.0000 1.0000
CMC 0.4571 0.7715 1.0000 1.0000 0.6776 0.4721 0.6826 1.0000 1.0000 1.0000 1.0000
Sonar 0.5048 0.5385 0.6202 0.5337 0.5865 0.5385 0.6109 0.7115 0.6202 0.6635 0.7115
Wine 0.9600 0.5169 0.9663 0.9607 0.7079 0.5674 0.7079 0.9888 0.9663 0.9775 0.9888
Iris 0.9067 0.7867 0.9773 0.9000 0.8533 0.8800 0.9000 0.9800 0.9733 0.9800 0.9800
Heart 0.7162 0.3795 0.6964 0.4719 0.7096 0.7096 0.6964 0.8317 0.6964 0.8185 0.8317
Pima 0.5508 0.6602 0.6484 0.6458 0.6471 0.5771 0.5678 0.6745 0.6484 0.6575 0.6745
Leaf 0.4529 0.0853 0.3941 0.1765 0.1353 0.1147 0.1382 0.3745 0.3941 0.4000 0.3745
Avg. Rank 5.67 6.08 3.00 4.00 4.33 4.25 5.08 1.58 2.42 1.50 1.17

clustering algorithms are chosen. The hyperparameter of the
proposed WDSC is set at σ = 0.0001. Since the optimal K
values for selecting neighbors of each data object in terms
of distance can be determined by their corresponding SC
performance, they are not treated as hyperparameters and are
automatically searched during clustering.

12 Datasets: are collected from [40]–[44] and the statistics
are shown in Table I. The attributes of datasets are pre-
processed by using the min-max normalization [30] to have
a uniform value range [0,1] before the experiments.

Validity Indices: Clustering ACcuracy (AC) [45] is cho-
sen for evaluating the clustering performance. Larger values
indicate better clustering performance.

Comparative Results: All the results are averaged on 10
runs of the experiments. The bold values indicate the best
performance for a dataset. It can be seen in Table II that the
proposed WDSC consistently outperforms the other algorithms
on most datasets, and reaches an average ranking of 1.5,
highlighting its superiority and reliability on different datasets.

Ablation Study: Key components of WDSC, i.e., weights
computation and subspace learning, are validated by compar-
ing the baseline (i.e., SNNDPC) and the attribute-weighted
version of WDSC without iterative subspace learning (denoted
as WDC). As shown in Table II, WDC outperforms Baseline
in most cases, proving the efficacy of the weights computation.
WDSC performs better than WDC on most datasets, confirm-
ing the effectiveness of the learning mechanism.

Intuitive Study: The Learning process of WDSC is illus-
trated in Fig. 3. The algorithm begins with a rough clustering
configuration shown by Fig. 3 (a), where the cluster centers
are not accurately positioned. As the algorithm proceeds,
adjustments are made to optimize the cluster centers in the
learned subspace, see Fig. 3 (b). The clustering converges
where the cluster centers and boundaries are well-recognized
demonstrated by Fig. 3 (c).

IV. CONCLUDING REMARKS

A novel clustering approach called WDSC that combines
unbiased cluster distribution search with subspace learning has
been proposed. Built upon density-based clustering, WDSC

(a) Initialization (b) Process (c) Convergence

Fig. 3: Clustering procedures of the proposed WDSC.

effectively detects any-shaped clusters and incorporates an
attribute weights learning mechanism. It turns out that WDSC
can more finely explore clusters without being restricted to:
1) Gaussian distribution assumption of k-clustering, and 2)
Fixed subspace with identical importance of attributes. As a
result, WDSC achieves superior clustering performance and
robustness compared to the SOTAs. Since this work focuses on
static numerical datasets with a fixed k, future extensions could
target dynamic or streaming datasets with mixed attributes,
incorporating automatic determination of the optimal k.
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