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Abstract—In many real-world clustering tasks, data objects
are described by both quantitative and qualitative attributes.
Attributes with semantically ordered qualitative values are very
common and are usually coded according to their order (i.e.,
consecutive integers) for clustering. However, semantic order
is not always globally interdependent with a certain clustering
task. An intuitive case is that level of income (attribute) is not
always positively correlated with the level of mental health (1abel).
Using mismatched order surely forms a bottleneck to clustering
performance, and conversely, the unsupervised clustering process
prevents understanding of “true” order. Therefore, we proposed
a novel learning paradigm to tune the value order. More
specifically, we adjust the intra-attribute orders, and let this
process learn mutually with object clustering, thus bridging the
gap between value order and clustering task. To the best of our
knowledge, this is the first attempt to learn ordinal relationships
among qualitative attribute values. Extensive experiments with
significance tests show that our method outperforms the existing
relevant clustering approaches on qualitative attribute data.

I. INTRODUCTION

Clustering is a fundamental data analysis technique, which
is commonly used in many machine learning and data mining
tasks. Current diverse data acquisition pathways allow data
objects to be described by both the numerical attributes with
quantitative and the categorical attributes with qualitative val-
ues, where the semantically ambiguous qualitative values are
often not well encoded as numerical values by experts prior to
cluster analysis. This has gradually shifted clustering research
from numerical method [1]-[3] to addressing problems posed
by categorical attributes [4]-[6], especially how to define their
distances [7], [8], in recent years.

For categorical attributes, a taxonomy further distinguishes
the attributes into nominal and ordinal ones based on whether
there is a semantic order of possible values, e.g., “strong-
accept”, “accept”, “weak accept”, etc., that reviewers might
recommend for this submission. The ordinal values are usually
simply treated as consecutive integers and thus form an iden-
tical distance “1” between each pair of adjacent values. Such
distance structure is based on external semantics, and thus
cannot serve different clustering tasks adequately. An intuitive
survey example [9] is that the mental health classes (i.e.,
healthy and unhealthy) corresponding to high-, moderate-, and
low-income groups are neutral between healthy and unhealthy,
tend to be healthy, and tend to be unhealthy, respectively, as
shown in Fig. 1. This indicates that the semantic order of
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Fig. 1. An example illustrating that order adjustment matters the clustering.
The C1 and Cz are the healthy and unhealthy clusters, respectively. After the
order adjustment, the clustering result better conforms with reality.

attribute “income” somewhat mismatches the task of cluster
analysis of mental health patterns, and the mismatch effect
accumulates when all the ordinal attributes participate in
clustering based on their external semantic orders. Although
attributes interactions can somewhat mitigate the effect caused
by inaccurate orders, clustering performance can be further
enhanced by using the “true” order of the attribute values.

Many advanced approaches in the literature are devoted
to more comprehensively utilizing the information of cate-
gorical attributes, and have achieved considerable success in
improving clustering accuracy. According to the way they
exploit the information of categorical attributes in clustering,
we can roughly divide them into statistical knowledge-based
and learning-based approaches. Then we proceed from the
perspective of how they handle ordinal attributes.

The statistical knowledge-based approaches attempt to ob-
tain reasonable attribute representations based on the data
statistics rather than the approaches that rely solely on se-
mantic knowledge of values, e.g., conventional Hamming and
order distance-based clusterings. Among this stream, entropy-
based measures [10], [11] adopt statistical information entropy
of the values to reflect their affiliations to the clusters. Later,
more approaches [12]-[14] have been proposed on the basis of
probability, adopting the common basic principle that two val-
ues with similar statistical context (e.g., occurrence frequency
or conditional probability on the other attributes) should have
a higher similarity. However, clustering based on all the
above approaches relies fully on the data statistics but ignores
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the semantic order. Therefore, some recent advances [15],
[16] especially consider order information during distance
measurement, thus achieving better clustering performance.
Nevertheless, all the above measures work independently of
the clustering, thereby limiting the clustering performance.

The learning-based approaches have thus appeared in the
literature to jointly learn representations of attributes and clus-
tering of objects. The conventional learning-based approaches
either learn object-cluster similarities [17], [18] or attributes
importance [19], [20] for clustering. However, they facilitate
the learning based on a priori assumption on the distances
among intra-attribute values, which still prevents them from
approaching “true” distance representations w.r.t. clustering.
Recently, a more advanced categorical data clustering ap-
proach [21] that introduces multiple kernels to comprehen-
sively represent the attributes has been proposed. Since it does
not consider ordinal attributes, the most recent approaches
[22], [23] further represent and adaptively adjust the distance
structures of ordinal attributes during clustering.

To the best of our knowledge, all the existing feasible
solutions are based on the original semantic order, which
may not suit the clustering as demonstrated by the left case
in Fig. 1. Thus the original orders bottleneck the cluster-
ing performance, while the unsupervised setting conversely
hinders the understanding of the “true” orders. These cross-
coupled factors form the crux of the generally poor clustering
performance on ordinal-attributed categorical data. Motivated
by this, a method that lets the semantic order tuning and the
clustering learn from each other is in urgent need.

This paper, therefore, proposes a novel method for cluster-
ing categorical data that bridges the gap between the semantic
orders and the orders preferred by the clustering task. The key
innovation is that we simultaneously remove the restrictions
brought by the macro semantic order and the micro attribute
value-level distances to the clustering through one learning
paradigm. That is, we let the three objectives, i.e., (1) orders
of values, (2) distances of values, and (3) partitions of ob-
jects, iteratively learn from each other through the proposed
optimization algorithm. Three main contributions of this work
are summarized below:

o A new paradigm, which is efficient, parameter-free, in-
terpretable, and can be easily extended to most cluster-
ing methods for enhancement is proposed. It facilitates
a high degree of freedom for learning representations
of categorical data, thereby adequately eliminating the
deterioration brought by the information ambiguity to
clustering accuracy.

e We design an order understanding strategy to extract
“hints for better orders” of each ordinal attribute from the
current optimal clustering results. Through the strategy,
a new order that better suits the current clusters can be
inferred to provide a re-launch point that is closer to the
global optimum in the next learning epoch.

o To efficiently fine-tune the newly learned order rela-
tionships, an inter-value distance learning mechanism
is elegantly incorporated into the learning paradigm by

concisely representing the v2-scale distances of each
attribute using wv-scale weights between adjacent values
(v for the number of possible values of an attribute).

II. RELATED WORK

This section overviews existing statistical knowledge-based
and learning-based categorical attribute representations for
clustering, as these two topics are highly related to our work.

A. Statistical Knowledge-based Representation

Entropy-based measures [10], [11] quantify the object-
cluster affiliations by adopting information entropy as a mea-
sure. [15] further preserves the order relationships of ordinal
attributes by successively computing the entropy on each pair
of adjacent possible values. To exploit the inter-dependence
among attributes, approaches [12], [13], [24] measure the
distance between two values as the differences between their
corresponding conditional probability distributions reflected by
the other attributes. Later, the measure [14] further selects a
set of highly related attributes as context for more reasonable
distance measurement. To cope with independent attributes,
the recent work [16] proposes to simultaneously consider
intra- and inter-attribute information, which achieves sufficient
clustering performance improvement. Most recently, [25] uses
entropy-based similarity and hamming distance-based metric
to measure the numerical and categorical attributes.

However, all the above approaches represent object-cluster
similarities independently of clustering, thus limiting the
clustering performance. To address this issue, learning-based
representations have been proposed in the literature.

B. Learning-based Representation

Conventional approaches [19], [26] learn the data repre-
sentation from the perspective of attributes, i.e., update the
weight of each attribute during clustering to obtain a better
representation where the clusters appear in a more compact
way. The two flexible subspace learning approaches [20],
[27] learn the weights of an attribute w.r.t. different clusters.
There are also approaches proposed from the perspective
of objects [17], which learns object-cluster similarity based
on the occurrence probability of object values in different
clusters during clustering. The work [18] further considers
the importance of different attributes, and achieves a better
clustering performance, and [28] proposed an innovative loss
function based on consensus clustering.

To more finely learn the value-level representations, [21]
first represents each attribute using multiple kernels and
then jointly learns the representations with clustering, which
achieves very competitive clustering performance. The works
[22], [29] have also been proposed to learn the inter-value
distances of categorical attributes. Most recently, [23] proposes
to first convert heterogeneous nominal and ordinal attributes
into a homogeneous form, and then learn the inter-value
distances in a decent way. However, all the learning-based
approaches are still based on the semantic relationship among
the possible values, which prevents them from achieving more
satisfactory clustering accuracy.
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III. PROPOSED METHOD

This section first introduces basic problem settings, and then
presents how to infer the orders of attribute values according
to a given partition of objects. Finally, the inference strategy is
combined with the clustering task to form a learning paradigm.

A. Preliminaries

Given a categorical dataset denoted as X = {x1,X2, ..., X, }
with data volume n, each of the n data objects is described
by the values from d attributes A = {ay,as,...,aq}. A data
object x; can be denoted in the form of a vector as x; =
(i1, Ti 2, i a] . An attribute a, describes a value domain
Vi ={0r1,0r2,...,0rp, } With v, possible values. If a, is an
ordinal attribute, its values are with extra semantic order (also
called rank hereinafter) in comparison with nominal attributes,
and the order can be written as ¢(0,1) > ¢(0r2) > ... >
¢(0r.v,.), where the function ¢(-) fetches the rank of a possible
value by

¢(or,i) = i. 6]

Since a nominal attribute can be encoded into boolean-valued
attributes by one-hot encoding, and the encoded attribute can
be treated as ordinal attributes, we discuss by assuming all the
attributes are ordinal hereinafter.

Partitional clustering is to divide the data object set X into k
non-overlapping subsets called clusters C' = {C',C?, ..., C*}.
A cluster C! can be represented by a d-dimensional vector
cl =[c},ch,....c4] T with values from the value domains cor-
responding to the d attributes. The general goal of clustering
is to minimize the overall difference among intra-cluster data
objects. The object-cluster affiliation is reflected by an n X k
partition matrix Q with its the (¢, j)th entry indicating if the
ith object belongs to the jth cluster by
1, if j =argminI'(x;, C")

1<h<k
0, otherwise

Gij = ) 2

where T'(x;,C7) is the dissimilarity between z; and cluster
C7, which can be generally written as

d
D(x;, C7) =Y ~(wir,c)) 3)
r=1

with v(z;,-, ¢/) being the distance between x; and C” reflected
by attribute a,. Accordingly, the objective function can be
written as

n k k
EQ) = ZZ%‘,]‘ (%, C7) st Z(h’,j =L @
i=1 j=1 j=1
For categorical data, distance I'(x;, C?) is typically defined
based on the fixed semantic order of ordinal attribute values,
which bottlenecks the clustering performance. To remove such
restriction, we denote the orders of each attribute as & =
{cblv ®27 ceey (I)d} where (I)r = {Qb(or,l)? d)(o'r’,Z)a ceey ¢(0T,vr)}
stores the ranking of possible values for a,, and design a
learning mechanism to make the rank values in ® learnable
with clustering tasks in the following subsections.

Algorithm 1 Order Updating of Possible Values
Input: X, Q.
Output: .

1: forr=1,2,...,d do

2:  Obtain G" by Eq. (5) and Eq. (6);

3 set D, =0;
4:  repeat
5
6

Find ¢* and j* according to Eq. (7);
D, = D,U{oy, i+, 0r ;- }, update ®, by inserting o, ;-
and o, ;~ between the last found pair;

7. until V. \ D, = 0;

8: end for

B. Order Inference

Our proposed approach aims to represent categorical data,
thus providing more appropriate distances I'(x;,C?) and
y(z;,cl) for clustering. As discussed in Section I, orders
between values of an ordinal attribute dominate the distance
measurement, and thus our goal is to obtain the reasonable
order of the possible values to better match the clustering
task. Therefore, this subsection presents how to determine the
current optimal order ®* based on a given partition of objects.

From the perspective of the given clusters C', two possible
values are more similar if they co-occur more frequently in
the same cluster, and vice versa. Accordingly, dissimilarity
between a pair of possible values o,; and o, ; is defined as

ko1 ! 1
Dy — D i| - o(C
§:| s ,]| ( ), (5)

r
g. . =

2¥) n
=1

which is specified as the (7, j)-th entry of a gap matrix G"
corresponding to a,.. [pl. ; —pl. ;| is the difference between the
occurrence probabilities of o,.; and o, ; in cluster C' with pi’i
defined as
1 O'(Xi,i) (6)
pr,i - O'(Cl) )

where X,lﬂ’i = {xp|Th, = 0r4,%xn € C'}, and o(+) counts the
cardinality of a set.

To determine the orders of the possible values of an ordinal
attribute a,., we first determine the two values o, ;+, 0, j= € V;.
with the current largest difference, which satisfy

it = argmax g; ;
1, (7)
st. V,\D,#0and i,5 € {1,2,...,v,.},

where D,. stores the possible values that have been ordered. By
putting the two possible values oy ; and oy ; at the two sides of
the obtained order, and update D,. by D, = D, U{o; ;+, 0. 7 1.
We then consider the rest v, — 2 possible values in V. \ D,
according to Eq. (7), and insert the current most different pairs
into the order with updating D, until V,. \ D,. = § or there
is only one possible value in V,. \ D,. due to the odd number
of possible values in V,.. For the latter case, the only one
possible value is directly inserted between the last found pair
of possible values. After determining the new orders of all
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Fig. 2. Distance structure of an attribute represented by inter-value weights.
In this toy example, we have the number of possible values v, = 5.

the possible values of each attribute, we obtain ®, and the
above process is summarized in Algorithm 1. To learn ® from
data partitions, we treat it as a variable to participate in the
optimization of the clustering objective in Algorithm 2, which
will be discussed in the following subsections.

C. Distance Learning

Although we obtain new order @, it is still insufficient to
fully utilize the information of the current object partition,
and the distance structures will also change depending on
® during clustering. Therefore, this subsection proposes an
approach for learning the distance among the ordered values,
and then we discuss how to learn both distances and orders
during clustering in the next subsection.

To maintain an appropriate distance structure, a distance
learning mechanism is derived based on a given order ¢ and
partition C. We introduce variables W = {wy, wa, ..., w4}
to describe the distance structures of each attribute. More
specifically, each w, = [w, 1, W2, ..., Wy, —1] " isa (v, —1)-
dimensional vector representing the weights of inter-value
distances of a, as shown in Fig. 2. By considering W and
®, the new distance I'y, can be written as

d v
Fw(Xi, Cl; (I)) = Z Z Vw(mi,rvor,nﬁ (I)T) 'ulr,nw

r=1m=1

®)

which is the distance between X; and C'. Here, ul.,, is the

weight of the possible value o,.,, to cluster C!, which is

defined as .
- U(Xr,m)

rn = ) ©)

where X/, = {xj|z;, = orm,xj € C'} is a set of objects
in C! with their r-th values equal to o, ,,, which ranks m-th
in ®,.. Please note that once new ® is obtained, subscripts of
all the intra-attribute possible values in a value domain V,. are
changed accordingly to reflect new orders in the corresponding
®,.. In Eq. (8), Yw (i, 0r.m; Dr) is the distance between z; ,
and o, ,, according to the corresponding distance structure as
shown in Fig. 2, and thus 7y, (2; -, 0y m; ®,) can be defined as

max(¢(xi,r),m)—1
h—minwz(zi,r),m)
0, otherwise.

(10)
For example, if z;, = o2, ie., ¢(x;,) = 2, then
Yw (Zi,r, 0r.4; ©r) computes the distance between o, 2 and oy 4,
which equals to w, 2 +w, 3 according to the distance structure
shown in Fig. 2.

if (i) #m

Wy b,y
Yw (Iiﬂ"v Or.m; (I)r) = ’

As the whole distance structure can be described by W, we
update it according to the given data objects partition C' by

(1)

where 7 is a small learning rate, and D,. ,,, is the overall intra-
cluster distance contributed by w, ,,, which is computed by

(new)
r,m

(old) _

w rm

=w n'DT,m

k

— ,p,0ld) | E J J
Dr,m - wr,m (ur,m + ur,erl)
J=1

(12)

where the value of (uim + uim 41) reflects the probability
that the distance described by w,.,,, being accumulated through
Eq. (10) in computing the total intra-cluster distance of C7,
i.e., total difference among intra-cluster objects of C’j'. It is
intuitive that the overall probability Z?Zl(u{m + U 1)
multiplied by the distance w, ,, (i.e., the distance between
or.m and o, ,,11) in Eq. (12) computes the expectation of
intra-cluster distance caused by w;. ,, in all the clusters. There-
fore, w,. ,,, with a larger contribution to the overall intra-cluster
distance should be punished with greater force in Eq. (11)
to ensure a steeper minimization of cluster objective, i.e.,
making the overall intra-cluster distance as small as possible.
Moreover, after all the new weights of an attribute a, are
computed by Eq. (11), soft-max is adopted to normalize the
updated weights by

(new)
Wy m
Wrm = vp—1  (new) " (13)
h=1 rh

The updating of w,.,, can also be completed by using a more
rigorously derived strategy in [22]. With the above weights
updating strategies, we then discuss how to iteratively learn
the weights with clustering.

D. Clustering Algorithm with Distance and Order Learning

The previous subsections illustrates how to reconstruct the
distance structures of attributes (i.e., ® and W) given partition
C. Our ultimate goal is to combine the order inference and
distance learning processes with the clustering task to facilitate
joint optimization. By combining the order adjustment in
Section III-B and distance updating in Section III-C, the
objective function in Eq. (4) can be rewritten as

n k
B(QW,®)=>"> g, Dy(x;,C7®).  (14)

i=1 j=1

The key process for minimizing Eq. (14) can be summarized
into the following five steps: (1) Fix ® and W, compute Q;
(2) Fix @ and Q, update W (3) Iteratively implement (1) and
(2) until Q remain unchanged; (4) Fix Q and W, update ®;
(5) Iteratively implement (1)-(4) until ¢ remain unchanged.

However, since the updating of ® may result in new distance
structures that prevent the learning from convergence, we
replace Eq. (5) by

k A 1 l
Py — Pyl - o (CY)
g;:j:Z (%3 TTZ

=1

i gl (15)
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Algorithm 2 CLORD: Clustering by Learning ORders and
Distances
Input: X, &, 7.
Output: Q, W, o.
1: Set 7 = @, 7 =0, Converge(®) = False;
2: while Converge(®) = False do
32 Sett =0, Converge(Q, W) = False; Initialize W!
by wy, = ——; Initialize Q' by randomly selecting
one entry from each row, and set the entry to 1;
while Converge(Q, W) = False do

5: Fix @™ and W, obtain Q**! by Eq. (2);
: Fix ®" and Q'*!, obtain Wi+l by Egs. (11)
and (13);

if Q71=Q? then
Converge(Q, W) = True;
: end if
10: t=t+1;
11:  end while
12: Fix Q' and W, obtain ®7*! by Algorithm 1;
13:  if ®"t1=3" then
14: Converge(®) = True;
15:  end if
16: T=71+1;
17: end while

where 7 is the number of learning iterations. The term |i — j|™
gradually consolidate the previously learned orders, and thus
weakens the instability caused updating of ®.

The overall learning algorithm is summarized in Algo-
rithm 2, and the complexity of the proposed method is
provided in Theorem 1.

Theorem 1. The overall time complexity of CLORD is
O(EIndk) at every iteration T.

Proof. Assuming there are n objects and d attributes in a
dataset, the time complexity for obtaining ®7 1 is O(EndV),
where E is the number of iterations for updating ®, and V =
max (v, Vg, ...,0q) is adopted to simplify the analysis, as at-
tributes may have different numbers of categories. Assuming
is the number of iterations to update Q**! and W**+! when ®
is fixed, time complexity for obtaining Q' is O(EIndkV),
and for obtaining W't is O(EIdkV?), so the overall time
complexity of CLORD is O(EndV + EIndkV + EIdkV?).
Since V' << n and V2 < n, the time complexity of CLORD
can be simplified to O(FEIndk), which is similar to the state-
of-the-art clustering methods, e.g., HD [29] and H2H [23]. [

IV. EXPERIMENTS

The proposed CLORD is evaluated by comparing it with
another 13 clustering methods on 10 real benchmark datasets.
We introduce the experimental setup and then present the
results of the designed experiments with observation analysis.

A. Experimental Setup

Comparative results are conducted from four perspectives:
(1) compare CLORD with six existing methods with a signifi-

TABLE I
STATISTICS OF 10 DATASETS. n, d, AND k* STAND FOR THE NUMBERS OF
DATA OBJECTS, ATTRIBUTES (ORDINAL+NOMINAL), AND “TRUE”
CLUSTERS USED FOR ALL THE EXPERIMENTS, RESPECTIVELY.

Datasets (Abbreviation) n d k*
Soybean Large (SY) 266 24+11 15
Balance scale (BS) 624 2+2 3
Fertility (FT) 100 443 2
Photo Evaluation (PE) 66 4+4 3
Shuttle Landing (SL) 15 5+1 2
Caesarian Section (CS) 80 3+2 2
Tic-Tac-Toe (TT) 958 9+0 2
Lense (LE) 999 4+0 5
Mammographic (MM) 824 4+0 2
Congressional Voting (VT) | 434  16+0 2

cance test to statistically illustrate its superiority, (2) compare
with five existing methods enhanced by the proposed core
order learning mechanism to verify its scalability, (3) compare
CLORD with its ablated versions to show the effectiveness of
its components, and (4) compare CLORD with state-of-the-art
method under different k& values to demonstrate the necessity
of order learning and the clustering flexibility brought by it.
Moreover, changes in value ranks during clustering, execution
time, cluster effect visualization, etc., are also provided to
support the evaluation.

The compared methods include the conventional clustering,
i.e., k-means (KM), k-modes (KMD), clustering with object-
cluster distance learning, i.e., OCIL [17], clustering based
on the state-of-the-art distance metric UDM [16], and the
most recent distance learning-based clustering approaches, i.e.,
HD [29] and H2H [23]. The above counterparts are chosen
from different principle streams to form a more convincing
performance comparison, and their hyper-parameters (if any)
are set following the corresponding source papers. The learn-
ing rate n of CLORD is empirically set at 0.01. Five of
the above methods are enhanced by our order learning for
comparison. KMD is excluded as it treats nominal and ordinal
attributes identically. Three ablated versions of CLORD are
also compared, which will be introduced in the subsection
“Ablation Study”.

Two internal validity indices, i.e., ComPactneSs (CPS) and
New Condorcet Criterion (NCC) [30], that are irrelevant to
external labels and adopted distance metric have been chosen
for fair evaluation, as we are doing unsupervised learning with
different ks and the compared methods adopt various distance
metrics that are incomparable during clustering. CPS quantifies
the overall intra-cluster-object dissimilarity based on the value
matching degree between two objects, and thus the lower
the better. NCC simultaneously measures the intra-cluster
similarity and inter-cluster dissimilarity, and thus the larger
the better. Bonferroni-Dunn (BD) significance test [31] with
Critical Difference (CD) interval is also adopted to provide
statistical evidence for the superiority of CLORD.

Ten real datasets where PE from [22] and the remainder of
nine real benchmark datasets from the UCI machine learning
repository [32] are sorted out in Table I. Although the pro-
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TABLE 11

CPS PERFORMANCE (THE LOWER THE BETTER) COMPARISON. THE GREEN AND RED VALUES IN PARENTHESES REPRESENT THE IMPROVEMENT AND
WEAKENING VALUES OBTAINED BY APPLYING OUR ORDER LEARNING MECHANISM TO THE CORRESPONDING METHOD, RESPECTIVELY.

Data | KMD KM (A) OCIL (&) UDM (A) HD (A) HZ2H (&) CLORD
SY | 3.756  3.765 (+0.003) 3.823 (-0.017) _ 3.736 (+0.037) _ 3.686 (+0.038)  3.741 (-0.043) | 3.544
BS | 1485 1464 (+0.002) 1457 (+0.000) 1482 (-0.004) 1454 (-0.005)  1.457 (-0.001) | 1.446
FT | 1.665  1.690 (-0.003)  1.690 (-0.002)  1.710 (-:0.019)  1.687 (-0.016)  1.685 (-0.022) | 1.672
PE | 1299  1.312 (+0.005) 1311 (-0.001)  1.303 (+0.003)  1.311 (+0.003) 1317 (-0.003) | 1.283
SL | 1.089  1.335(-0.014) 1318 (-0.040)  1.253 (-0.084)  1.133 (-0.053)  1.108 (-0.060) | 1.048
CS | 068  0.713 (-0.014)  0.722 (-0.011)  0.662 (-0.005)  0.667 (-0.028)  0.623 (-0.005) | 0.623
TT | 2748 2743 (-0.014)  2.744 (-0.018)  2.781 (-0.010)  2.709 (-0.005)  2.777 (-0.007) | 2.700
LE | 1298 1333 (-0.002) 1331 (-0.003) 1341 (-0.010) 1338 (-0.008)  1.315 (+0.005) | 1.294
MM | 0.766 0714 (0.000) 0714 (0.000)  0.716 (0.000)  0.737 (+0.033)  0.727 (-0.007) | 0.707
VT | 2.809 2.853 (-0.033)  2.935 (-0.085)  2.846 (-0.039)  3.161 (-0.269)  2.979 (-0.109) | 2.787
Rank | 3.80  4.95 485 4.80 420 430 .10

TABLE III

NCC PERFORMANCE (THE HIGHER THE BETTER) COMPARISON. THE GREEN AND RED VALUES IN PARENTHESES REPRESENT THE IMPROVEMENT AND
WEAKENING VALUES OBTAINED BY APPLYING OUR ORDER LEARNING MECHANISM TO THE CORRESPONDING METHOD, RESPECTIVELY.

Data | KMD KM (&) OCIL (&) UDM (A) HD (&) HZH (A) CLORD
SY | 10497 104.63 (-0.04) 10493 (:0.37) 10459 (-0.02)  105.87 (+0.42) _ 102.61 (+0.16) | 107.63
BS 93.85 100.33 (-0.10)  100.00 (+0.11)  95.74 (+1.34)  100.09 (+0.35) 98.83 (-0.24) | 100.84
FT 3.82 3.74 (+0.00) 3.73 (+0.00) 3.68 (+0.09) 3.76 (+0.03) 3.79 (+0.03) 3.83
PE 1.09 1.12 (-0.01) 1.11 (+0.00) 1.11 (-0.00) 1.10 (-0.00) 1.12 (-0.00) 1.14
SL 0.08 0.07 (+0.00) 0.08 (+0.00) 0.08 (+0.00) 0.08 (+0.00) 0.08 (+0.00) 0.09
cs 1.14 1.11 (+0.02) 1.09 (+0.03) 1.17 (+0.02) 1.17 (+0.05) 1.24(+0.01) 1.24
TT | 438.90 44271 (+2.92) 442.69 (+3.28)  428.35 (+0.06)  445.12 (+1.77) 43237 (+2.79) | 446.44
LE | 279.98 287.05(-0.24)  287.50 (+0.36)  275.16 (+4.07) 28523 (+1.12)  287.92 (-1.71) | 289.83
MM | 17246 17976 (0.00) 17976 (0.00)  179.62 (0.00)  176.19 (-5.04)  178.54 (+1.06) | 180.57
VT | 20429 20270 (+0.97)  199.38 (+3.00)  203.11 (+1.44)  190.51 (+10.21)  197.58 (+4.21) | 205.04
Rank 4.60 415 4.65 5.20 430 4.10 1.00

posed method is discussed in terms of ordinal data, we use
categorical data with mixed nominal and ordinal attributes to
evaluate the proposed method in a more challenging scenario.
Regarding data processing, since KMD does not have ordinal
processing capabilities, the dataset is directly treated as nom-
inal; KM and OCIL encode ordinal data into numerical data
before clustering; UDM, HD, and H2H are originally proposed
for mixed categorical data, so we follow the original settings.
As for the CLORD method, we process nominal data using
the same approach as KMD.

B. Clustering Performance Evaluation

Clustering performance evaluated by NCC and CPS is
demonstrated in Tables II and III, respectively, with the
result(s) of the best-performing method(s) marked in boldface
on each dataset. The last rows in the two tables report the
average ranks of the methods on all the data sets. Results in
the brackets are the improvements achieved by enhancing the
methods using our core order learning mechanism.

It can be observed that the proposed CLORD outperforms
all the compared methods except for the CPS performance
on FT dataset. CLORD outperforming all the state-of-the-
art methods, i.e., UDM, HD, and H2H, further indicates its
superiority in clustering categorical data.

According to the results in the brackets, we can make a
statistic that our ordering mechanism successively improves
the performance of the compared methods that take into
account the value orders in 72 (i.e., the green results) out of
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Fig. 3. Results of the two-tailed BD tests (¢« = 0.05 and a« = 0.1)

implemented on the “Rank” rows of Tables II and III, respectively.

100 slots (i.e., results of 5 methods on 10 datasets evaluated
by 2 validity indices). This indicates that the order learning
mechanism can be easily extended to interactively learn the
order of attribute values with the existing clustering methods,
and effectively improve their clustering performance.

C. Significance Study

To statistically illustrate the superiority of our method, we
implement BD test on the “Rank” rows in Tables II and III
under 95% and 90% confidence interval (a« = 0.05 and o =
0.1). By computing the corresponding CD interval, the test
results are visualized in Fig. 3. According to [31], the target
method (i.e., CLORD) is believed to significantly outperform
all the methods that appear out of its right-side CD interval.
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Fig. 4. Clustering performance of CLORD and its three ablated versions, i.e.,
CLOR, CL, and KMD.

TABLE IV
PERFORMANCE OF H2H AND CLORD UNDER DIFFERENT kS.
Datesets BS (k* =3) LE (k* =5)
Index k H2H CLORD H2H CLORD
2 78.32 83.5471 209.33 217.1271
3 98.83 100.847 | 253.48 258.607
4 106.67 108.467 | 27443  278.2271
5 112.09 112.827 | 287.92  289.837
6 114.54 115.627 | 29449  297.131
NCC 7 116.92 117.817 | 300.73 302.487
8 118.50 119.287 | 304.77 305.9871
9 119.58 120.271 | 307.18 308.971
10 | 120.51 121.327 | 309.55 311.057
11 120.88 121.791 | 311.07 312.667
12 121.32 122.287 | 312.64  313.987

It can be seen that CLORD performs significantly better than
all the counterparts in terms of both the two validity indices.

D. Ablation Study

The complete CLORD is compared with its three versions
formed by successively removing the distance learning com-
ponent (i.e., “D” of CLORD), the order learning component
(i.e., “OR” of CLORD), and the component of distinguishing
nominal and ordinal attributes. Accordingly, CLORD degrades
to CLOR, CL, and KMD, respectively, where CLOR only
learns the value orders without learning their distances, CL
adopts the ranks to encode the ordinal attribute values into
consecutive integers and adopts Hamming distance for the
nominal attributes, and KMD indicates that when CL treats
both ordinal and nominal attribute as nominal ones, it degrades
to the conventional KMD. Performance of the above four
versions of CLORD are evaluated by both CPS and NCC on
all the datasets, and their average ranks are reported in Fig. 4.

It can be seen that the performance of CLORD, CLOR,
CL, and KMD becomes worse in turn. The fact that CLOR
performs worse than CLORD proves the rationality of distance
learning; CLOR outperforming CL indicates the correctness of
the learned orders; KMD performing worse than CL verifies
the necessity of distinguishing ordinal and nominal attributes.
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Fig. 5. Demonstration of the ordinal attribute ranks of SL dataset during the
learning process of CLORD. Lines in different colors indicate the ranks of
different possible values.

E. Performance under Different Numbers of Clusters

To illustrate the flexibility of CLORD in learning repre-
sentations for different clustering tasks, we compare CLORD
with the state-of-the-art H2H that does not learn the orders
during clustering under different number of clusters, k, where
E={K,K+1,K+2,.., K +10} with ¥’ = max(k* — 5, 2).
It can be seen from the results on BS and LE datasets in
Table IV that CLORD always outperforms H2H. This indicates
that CLORD is more flexible as it customizes both the orders
and distances among attribute values for each given k. This
property also makes CLORD a more promising clustering
solution in real applications where k is usually subject to
different analysis purposes and users.

F. Convergence Visualization

As the core of this work is the learning of orders of attribute
values, we visualize the order changing of different attributes
of SL datasets in Fig. 5 to provide an impression about the
learning process. The horizontal and vertical axes represent
the number of iterations 7 and the ranks of ordinal attribute
values, respectively. The dashed vertical lines indicate the
convergence iteration of CLORD. We visualize the same ranks
of values together (i.e., as, a4 in the SL dataset), which remain
unchanged during learning. It can be observed that CLORD
converges very quickly, i.e., within 4 iterations on all the
datasets. Moreover, the ranks of values fluctuate very little and
the overall change is monotonous during the learning, which
intuitively indicates the reasonableness of the proposed order
learning mechanism.

V. CONCLUSION

In this paper, an intuitive but yet-to-be-concerned semantic
order mismatch phenomenon that brings performance bottle-
necks for categorical data clustering has been studied and elab-
orately addressed. To eliminate the mismatch in the clustering
task without discarding relevant semantic information, we
design a new learning paradigm to gradually tune the semantic
order, which iteratively adjusts the previous order and learns
distances among ordered values based on the current optimal
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clustering result. It turns out that the proposed method is robust
to different clustering tasks, i.e., either clustering different
datasets or clustering the same dataset with different sought
numbers of clusters k. Time complexity analysis and compre-
hensive experiments illustrate the promising performance of
the proposed method.
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